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Introduction
Let v and k be two positive integers. Let Z v denote the residue ring of integers modulo v. A cyclic difference packing (CDP), or a CDP(k, 1; v) in short, is a family F = {B 1 , B 2 , . . . , B t } of t k-subsets (called base blocks) of Z v , where B i = {b i1 , b i2 , . . . , b ik }, 1 i t, such that the difference list of F , (F ) = {b ij − b is : 1 i t, j = s, 1 j, s k}, covers each non-zero residue of integers modulo v at most once. The set Z v \ (F ) is the difference leave of F , denoted by DL(F ). This means that each non-zero residue (as a difference) in DL(F ) is not covered by the differences from any base block of F . Cyclic difference packings arise naturally in the study of cyclic packing designs that belong to an important and high-profile area of combinatorics. Briefly, a packing design (or packing) with order v, block size k and index λ = 1, denoted by P (k, 1; v) , is a pair (V , B) where V is a v-set and B is a collection of k-subsets (called blocks) of V such that every 2-subset of V occurs in at most one block of B. An automorphism of a P (k, 1; v) , (V , B) is a permutation on V such that the induced mapping forms a permutation on B. The set of all such mappings forms a group under usual composition called the full automorphism group of the packing design. Any of its subgroups is called an automorphism group of the packing design. A cyclic P (k, 1 ; v) is a P (k, 1 ; v) that admits a cyclic and point-regular automorphism group. For a cyclic P (k, 1; v) , its point set can be identified with Z v , and its cyclic and point-regular automorphism is spanned by the permutation σ : i −→ i + 1 (mod v), ∀i ∈ Z v . For any block B of the packing design, the block-orbit containing B
contains v distinct blocks if its setwise stabilizer G B is equal to the identity {0}. Such a block orbit is often said to be full, otherwise short. Since repeated differences are not allowed in the definition of a CDP(k, 1; v), if we cycle each base block of a CDP(k, 1; v), then we obtain a cyclic P (k, 1; v) without short block-orbits. Conversely, if we choose an arbitrary fixed block from each block-orbit in a cyclic P (k, 1; v) without short block-orbits, then we obtain a CDP(k, 1; v). Hence, a CDP(k, 1; v) and a cyclic P (k, 1; v) without short orbits are equivalent objects from the viewpoint of existence.
Cyclic difference packings are also the set-theoretic characterization of optical orthogonal codes (OOCs) of length v, weight k and auto/cross-correlation unity, i.e., (v, k, 1)-OOCs, which are required in optical code-division multiple-access communication systems. Taking the base blocks of a CDP as support sets of codewords we obtain a (v, k, 1)-OOC having t codewords from a CDP(k, 1; v) of t base blocks. This serves well to develop a motivation behind CDPs. It is obvious that the number t of base blocks of a CDP(k, 1; v) cannot exceed
base blocks gives an optimal (in the sense of its size) (v, k, 1)-OOC. Keeping the optimality of the derived OOCs in mind, throughout the rest of this article, we say that a CDP(k, 1; v) is optimal if it contains (v − 1)/k(k − 1) base blocks.
Research on CDPs has mainly concentrated on the regular case. A CDP(k, 1; v), F , is termed gregular [36] if its difference leave DL(F ) forms an additive subgroup of Z v having order g. Regular CDPs are close to several types of important cyclic difference families that have nice applications in digital communication. In [5] , a g-regular CDP(k, 1; v) is also called a uniform (g(v/g), 2k − 2, k) cyclically permutable code. A g-regular CDP(k, 1; v) is also a cyclic relative difference family, or a cyclic (v, g; k, 1)-DF, which was formally introduced in [10] and naturally generalizes the well-known concept of a relative difference set [34] . This kind of CDPs gives a cyclic group-divisible design (GDD) of block size k and type g v/g without short block-orbits (for the definitions of a GDD, see [4, 22] ).
Regular CDPs are of interest in their own right and also for use as ingredients in the composite construction of optimal CDPs (see, for example, [20, 21, 26, 36, 37] ). This explains why they have attracted considerable attention in design theory. The first examples of g-regular CDP(k, 1; v)'s are due to Bose [6] . His examples have parameters v = q 2 − 1, g = q − 1 and k = q, where q is a prime power. Each of them contains one base block obtained from a classical affine plane AG(2, q) by deleting a point together with its incident lines. Further investigation into regular CDPs was done by many authors (see, for example, [8, 12, [18] [19] [20] [21] [24] [25] [26] 31, 32, [35] [36] [37] and references therein). We quote some known results for later use. [36, Theorem 2.5] .) A necessary condition for the existence of a g-regular CDP(k, 1; v) is v ≡ g (mod k(k − 1)). [36, Theorem 2.6] .) If 1 g k(k − 1), then a g-regular CDP(k, 1; v) is optimal. ; v) and an optimal CDP(k, 1; g) exist, then an optimal CDP(k, 1; v) also exists. Moreover, if the given CDP(k, 1; g) is r-regular, then so is the derived CDP(k, 1; v).
Lemma 1.2. (See
Generally speaking, it is not an easy task to determine the spectrum of the parameter v, k and g for which a g-regular CDP(k, 1; v) exists. To our knowledge, the known results are limited mainly for k 5. Tables 1 and 2 summarize the known results concerning the direct constructions for block sizes 4 and 5 respectively, in the case g k(k − 1). Besides, there are also a number of results about (k − 1)regular CDP(k, 1; (k − 1)p)'s with k = 6, 8 in [13, 27] , about 1-regular CDP(k, 1; kp)'s with k = 7, 11, 13 in [9, 27] , about 1-regular CDP(k, 1; kp)'s with k = 6, 7 in [16, 17] .
We remark that some of the results in Table 1 and Table 2 have been used to obtain other CDPs by utilizing a composite construction from [36, Construction 4.3] or [1, Corollary 5.10]. For example, in [20] , by using the composite construction mentioned above the authors denoted that a 20-regular CDP(5, 1; 20p) with a prime p ≡ 1 (mod 10) exists. The goal of this paper is to update the known results shown in Table 2 . To be more precise, we will construct a 20-regular CDP(5, 1; 20u) for any product u of primes congruent to 1 (mod 6). As its application, it is proved that an optimal CDP(5, 1; 20 · 3 α u), or equivalently an optimal (20 · 3 α u, 5, 1)-OOC with 3 α u − 1 codewords, exists for any product u of primes congruent to 1 modulo 6 and any nonnegative integer α.
The constructions of 20-regular CDP(5, 1; 20u)'s
In this section, we present our constructions of a 20-regular CDP(5, 1; 20u) for any product u of primes congruent to 1 modulo 6. This updates the result shown in Table 2 .
Direct constructions
Let e be a positive integer and p ≡ 1 (mod e) a prime. Let ω ∈ Z p be an arbitrary primitive root modulo p. We use the notation C (e,p) 0 (or C p 0 in brief) to denote the multiplicative subgroup
. These multiplicative cosets are known as the cyclotomic classes of order e of prime filed Z p .
For a g-regular CDP(k, 1; gp) with gcd(g, p) = 1, we can identify Z gp with Z g × Z p . The 20-regular CDP(5, 1; 20p) to be constructed in this section is just based on Z 20 × Z p . We will use Weil's theorem on multiplicative character sums by way of the following known result. [14, 20] .) Let p be a prime congruent to 1 (mod e). Suppose that
Then, for any given s-
The definition of a strong difference family was introduced by M. Buratti [11, 33] .
Strong difference families are very useful tools for constructing regular CDPs or relative difference families (see [11, 33] ). Keep the notation N s (e, p) of Lemma 2.1 in mind, below is a very useful result which involves strong difference family and comes from Theorem 5.1 of [14] . Lemma 2.2. Let q be a prime power congruent to e + 1 (mod 2e) with N k−1 (e, q) > 0. If a (g, k, e)-SDF exists, then a g-regular CDP(k, 1; gq) exists.
We are now ready to develop our constructions. (0, 0), (0, 1), (1, 13) , (4, 5) , (9, 11) · (1, x), (0, 0), (0, 2), (2, 1), (5, 14) , (11, 3) · (1, x), (0, 0), (0, 4), (2, 2), (5, 5) , (12, 8) · (1, x), (0, 0), (1, 1), (2, 6) , (5, 15) , (14, 2) · (1, x), (0, 0), (1, 2) , (3, 12) , (7, 11) , (13, 13) · (1, x), (0, 0), (1, 4) , (4, 1), (8, 14) , (14, 6) 
where x runs over all elements in C 6 0 .
For 43 p < 9,152,352 and p ≡ 7 (mod 12), consider the set B = {B 1 , B 2 , . . . , B 6 } of 6 initial base blocks over Z 20 × Z p having the following form:
(0, 0), (0, 1), (1, b) , (2, c) , (3, d) , (12, d) , (16, 0) ,
{z} × z where 20−i = − i for any i, 1 i 9, and where: 0 = ±1, ±ω 2 , ±ω 4 ;
Note that the projections of the blocks of B on Z 20 form a (20, 5, 6)-SDF. Since p ≡ 7 (mod 12), −1 ∈ C 6 3 . Hence, each z is a complete system of representatives for the cosets of C 6 0 if and only if the following condition holds:
systems of representatives for the cosets of C 6 0 in C 2 0 . Now, for a fixed triple (b, c, d) satisfying the above condition, we have z ·
F is the required 20-regular CDP(5, 1; 20p). A computer search showed that the desired triple (b, c, d) exists when 43 p < 9,152,352 and p ≡ 7 (mod 12) and thus the proof is completed. Here we list the search results for the first 10 values of p in the following Proof. We first deal with the cases where p 277. When p ∈ {61, 181, 241}, a 20-regular CDP(5, 1; 20p) is known to exist from [20] . For other values of p ≡ 1 (mod 12) not greater than 277, we give the constructions of the desired CDPs in Table 3 .
Turning to the cases where p > 277, we consider a set I = {A 1 , . . . , A 6 , B 1 , . . . , B 6 } of 12 initial base blocks over Z 20 × Z p of the following form:
A i = (0, ω), (1, aω) , (3, 0), (9, bω), (14, d) (1, aω) , (3, 0), (9, bω), (14, d) (8, c) , It's straightforward that
where 20−i = i for any i, 1 i 9, and where: {(0, 0), (0, 1), (1, 3) , (1, 11) , (5, 4) 7) , (10, 4) , (13, 5) } · (1, x) , {(0, 0), (2, 4) , (6, 3) , (9, 10) , (14, 5) } · (1, x) , {(0, 0), (2, 7), (7, 9) , (10, 2), (13, 1)} · (1, x) ,
37
{(0, 0), (0, 1), (5, 2) , (15, 16) , (4, 3)} · (1, x), {(0, 0), (0, 2), (13, 1) , (3, 4) , (12, 3) } · (1, x) , {(0, 0), (2, 1), (6, 2) , (8, 5) , (9, 7)} · (1, x), {(0, 0), (18, 2) , (14, 31) , (12, 13) , (11, 24) } · (1, x) ,
73
{(0, 0), (0, 1), (5, 3) , (15, 4) , (4, 21)} · (1, y), {(0, 0), (0, 3) , (5, 13) , (15, 43) , (4, 34)} · (1, y), {(0, 0), (0, 5), (13, 1) , (3, 4) , (12, 60)} · (1, y), {(0, 0), (0, 11), (13, 5) , (3, 25) , (12, 69)} · (1, y), {(0, 0), (2, 1), (6, 2) , (8, 12) , (9, 61)} · (1, y), {(0, 0), (2, 3) , (6, 6) , (8, 17) , (9, 29)} · (1, y), {(0, 0), (18, 1) , (14, 2) , (12, 12) , (11, 64)} · (1, y), {(0, 0), (18, 3) , (14, 6) , (12, 17) , (11, 27) (5, 34) , (18, 72) , (13, 67) (19, 1) , (15, 34) , (2, 72), (7, 67)} · (1, s), {(0, 0), (1, 6) , (5, 15) , (4, 13) , (8, 93) (19, 6) , (15, 15) , (16, 13) , (12, 93)} · (1, s), {(0, 0), (1, 5) , (3, 22) , (9, 12) , (14, 93) 
where S is a complete system of representatives for the cosets of
{(0, 0), (0, 1), (1, 2) , (1, 12) , (5, 3)} · (1, x), {(0, 0), (2, 1), (4, 11), (10, 2), (13, 3)} · (1, x), {(0, 0), (2, 4) , (6, 6) , (9, 5) , (14, 17) } · (1, x), {(0, 0), (2, 8) , (7, 2) , (10, 12) , (13, 23)} · (1, x),
157
{(0, 0), (0, 1), (1, 2) , (1, 26) , (5, 3)} · (1, x), {(0, 0), (2, 1), (4, 3), (10, 2), (13, 5)} · (1, x), {(0, 0), (2, 3), (6, 1), (9, 6) , (14, 22) } · (1, x), {(0, 0), (2, 6), (7, 1), (10, 68), (13, 23)} · (1, x),
193
{(0, 0), (0, 1), (0, 5), (10, 6), (10, 61)} · (1, s), {(0, 0), (2, 5), (2, −5), (18, 30) , (18, −30)} · (1, s), {(0, 0), (1, 5) , (5, 2) , (18, 35) , (13, 78) (19, 5) , (15, 2) , (2, 35), (7, 78)} · (1, s), {(0, 0), (1, 10), (5, 4) , (4, 78), (8, 44)} · (1, s), {(0, 0), (19, 10) , (15, 4) , (16, 78) , (12, 44) 
where S is a complete system of representatives for the cosets of (2, 4) , (6, 2) , (9, 6) , (14, 12) } · (1, x), {(0, 0), (2, 7), (7, 5) , (10, 12) , (13, 13)} · (1, x),
x ∈ C 4 0 .
277
{(0, 0), (0, 1), (1, 2) , (1, 8) , (5, 3)} · (1, x), {(0, 0), (2, 1), (4, 5), (10, 2), (13, 6)} · (1, x), {(0, 0), (2, 2), (6, 1), (9, 4) , (14, 8) } · (1, x) , {(0, 0), (2, 5), (7, 3) , (10, 23) , (13, 175) } · (1, x) ,
Summarizing Theorem 2.3 and Theorem 2.4, we obtain the following existence result.
Theorem 2.5. For any prime p congruent to 1 (mod 6), a 20-regular CDP(5, 1; 20p) exists.
Composite constructions
A few powerful composite constructions of CDPs are available in literature. To present them we need the notion of a cyclic difference matrix.
Consider a k × v matrix M = (m ij ), 1 i k, 1 j v, whose entries are taken from Z v . If for any two distinct rows indexed by i, j (1 i < j k), the differences m jt − m it , t = 1, 2, . . . , v, comprise all the elements of Z v , then the matrix M is said to be a (v, k, 1) cyclic difference matrix (CDM), or a (v, k, 1)-CDM.
The following lemma is well known, see [30] for example. Lemma 2.6. Let v 3 be an integer whose prime factors are not less than p. Then for any integer k satisfying 3 k p, a (v, k, 1)-CDM exists.
We also have the following existence result which is taken from [22] . Lemma 2.7. (See [23] .) Let v be an odd positive integer. Let E = {3, 9, 9p: p is an odd prime other than 3, 5, 7, 11, 13, 17, 23, 29, 31, 109}.
Then a (v, 5, 1)-CDM exists for any odd positive integer v / ∈ E.
Note that a (27, 5, 1)-CDM in Lemma 2.7 can also be found in [3] or [31] . Employing CDMs we have the following construction for regular CDPs. Lemmas 2.6 and 2.8 together give the following result, which can be found in [10, 36] . Lemma 2.9. If there exists a g-regular CDP(k, 1; g v i ) for i = 1, 2, and k is not greater than the least prime factor of v 2 , i.e., gcd(k!, v 2 ) = 1, then there also exists a g-regular CDP(k, 1; v 1 v 2 ).
From Lemma 2.9 and Theorem 2.5, we can immediately establish our main result of this section.
Theorem 2.10. For any product u of primes congruent to 1 modulo 6, there exists a 20-regular CDP(5, 1; 20u).
An application of new regular CDPs
As an application of the new regular CDPs given in Theorem 2.10, we derive in this section an infinite series of new optimal OOCs. Recall that a (v, k, 1) optical orthogonal code, or a (v, k, 1)-OOC, is a family C of (0, 1) sequences (called codewords) of length v and weight k satisfying the following properties:
• The auto-correlation property:
for any x = (x 0 , x 1 , . . . , x v−1 ) ∈ C and any integer i ≡ 0 (mod v),
x t x t+i 1;
• The cross-correlation property:
for any x = (x 0 , x 1 , . . . , x v−1 ) ∈ C, y = (y 0 , y 1 , . . . , y v−1 ) ∈ C with x = y, and any integer i,
Here, all subscripts are reduced modulo v. The study of optical orthogonal codes is motivated by their applications in optical code-division multiple-access communication systems. Given parameters v and k, if a (v, k, 1)-OOC of M codewords exists, then clearly M (v − 1)/k(k − 1) . When this bound is met, the corresponding OOC is optimal in the sense of its size. The following result was presented in [36] . [36, Theorem 2.1] .) An optimal (v, k, 1)-OOC of (v − 1)/k(k − 1) codewords is equivalent to an optimal CDP(k, 1; v) of (v − 1)/k(k − 1) base blocks.
By virtue of Lemma 3.1, in order to construct an optimal (v, k, 1)-OOC, one needs only to construct an optimal CDP(k, 1; v). Based on our main result shown in Theorem 2.10, we are able to verify that an optimal CDP(5, 1; 20 · 3 α u) exists for any product u of primes congruent to 1 modulo 6 and any nonnegative integer α. To do this, we point out that just as with the definition of a g-regular CDP(k, 1; v), we can define the notion of a g-regular CDP(K , 1; v) by allowing the CDP to have base blocks of sizes from a given set K of positive integers. We also require the notion of a GD * (k, 1, n; nh) which was defined in [36] .
A convenient way of viewing a GD * (k, 1, n; nh) is from a mixed-difference family perspective. Given two positive integers n and h, let I h = {1, 2, . . . , h} and X = I h × Z n . Then a GD * (k, 1, n; nh) can be thought of as a family D of k-subsets (called base blocks) of X which satisfies the following properties.
1. For any pair of i and j with 1 i < j h, define
None of the base blocks contains two distinct elements having the same entry i ∈ I h in the first coordinate.
We remark that a GD * (k, 1, n; nh) is also termed an n-cyclic GDD or a semi-cyclic GDD in [26, 37] . The significance of a GD * (k, 1, n; nh) can be seen from the following lemma. [36, Construction 5.4] .) Suppose that a g-regular CDP(K , 1; v) and a GD * (k, 1, n; nh) for every h ∈ K all exist. Then there exists an ng-regular CDP(k, 1; nv). Moreover, if an optimal CDP(k, 1; ng) exists, then an optimal CDP(k, 1; nv) also exists. (1, 0), (2, 0), (3, 0), (4, 0), (6, 0) , (1, 1), (2, 2), (3, 3), (5, 0), (6, 0) , (1, 2) , (2, 1), (4, 3) , (5, 2) , (6, 0) , (1, 3) , (3, 2) , (4, 1), (5, 1), (6, 0) , (2, 3), (3, 1), (4, 2), (5, 3) , (6, 0) , (1, 0), (2, 2), (3, 1), (4, 3), (5, 1) .
Lemma 3.2. (See
Finally, we can apply Lemma 3.2 to obtain a 60-regular CDP(5, 1; 20 · 27), as desired. 2 Theorem 3.4. Let u be a product of primes congruent to 1 (mod 6) . Then for any nonnegative integer α, there exists a g-regular CDP(5, 1; 20 · 3 α u) with some g ∈ {20, 60, 180}.
Proof. We give the proof by mathematical induction on α. From Theorem 2.10 we know that a 20-regular CDP(5, 1; 20u) exists. By applying Lemma 2.9 we can easily show that a 60-regular CDP(5, 1; 60u) and a 180-regular CDP(5, 1; 180u) both exist, since a 60-regular CDP(5, 1; 60p) and a 180-regular CDP(5, 1; 180p) are both known to exist for any prime p ≡ 1 (mod 6) (see [32, Lemma 3.7 and Lemma 2.8]). This means that the assertion holds when 0 α 2. Now assume that the assertion holds for any integer n with 3 α n. We are going to prove that there is a g-regular CDP(5, 1; 3 n+1 · 20u) with some g ∈ {20, 60, 180}. By the inductive hypothesis, there is a g-regular CDP(5, 1; 3 n−2 · 20u). From this CDP we apply Lemma 2.8 with a (27, 5, 1)-CDM from Lemma 2.7 to create a 27g-regular CDP(5, 1; 3 n+1 · 20u) with g ∈ {20, 60, 180}. When g = 20, a 60regular CDP(5, 1; g · 27) exists by Lemma 3.3. When g = 60 or 180, a (g/12, 5, 1)-CDM exists by Lemma 2.7. Start with a known 4-regular CDP(5, 1; 4 · 81) from Table 2 and apply Lemma 2.8 with a (g/12, 5, 1)-CDM. The result is a 4g/12-regular CDP(5, 1; g · 27) . Noticing that 4g/12 ∈ {20, 60}, we have proved that an h-regular CDP(5, 1; g · 27) with h ∈ {20, 60} exists for any g ∈ {20, 60, 180}. Hence, an h-regular CDP(5, 1; 3 n+1 · 20u) can be obtained from a 27g-regular CDP(5, 1; 3 n+1 · 20u) by applying Lemma 1.3. This completes the proof. 2
As an immediate consequence of Theorem 3.4, a new infinite series of optimal OOCs is derived.
Theorem 3.5. Let u be a product of primes congruent to 1 (mod 6) . Then for any nonnegative integer α, there exists an optimal (20 · 3 α u, 5, 1)-OOC.
Proof. From Lemma 3.1, it suffices for us to prove that an optimal CDP(5, 1; 20 · 3 α u) exists for stated parameters u and α. This can be done by applying Lemmas 1.2 and 1.3 to a g-regular CDP(5, 1; 20 · 3 α u) with g ∈ {20, 60, 180} given in Theorem 3.4. Note that an optimal CDP(5, 1; g) with g = 60 or 180 required as ingredients was constructed in [32] . 2
